Energy of generalized line graphs  by Lang, Weiwei & Wang, Ligong
Linear Algebra and its Applications 437 (2012) 2386–2396
Contents lists available at SciVerse ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
Energy of generalized line graphs<
Weiwei Lang, Ligong Wang∗
Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an, Shaanxi 710072, PR China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 17 April 2012
Accepted 21 May 2012
Available online 23 June 2012
Submitted by R.A. Brualdi
AMS classification:
05C50
15A18
Keywords:
Generalized line graphs
Energy
Laplacian energy
Signless Laplacian energy
The energy of a graph is equal to the sum of the absolute values of
its eigenvalues. Line graphs play an important role in the study of
graph theory. Generalized line graphs extend the ideas of both line
graphs and cocktail party graphs. In this paper,we establish relations
between the energy of the generalized line graph of a graph G and
the Laplacian and signless Laplacian energies of G. We give upper
and lower bounds for the energy of generalized line graphs. Finally,
we present upper and lower bounds for some special graphs.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let G = (V, E) be a simple connected graph with vertex set V = V(G) = {v1, v2, . . . , vn}
and edge set E = ε(G) = {e1, e2, . . . , em}. Let A(G) be the adjacency matrix of the graph G. The
eigenvalues of G are the eigenvalues of the adjacency matrix A(G) of G, denoted by λ1(G)  λ2(G) · · ·  λn−1(G)  λn(G). Denote the degree of vertex vi by d(vi). The Laplacian matrix of G is L(G) =
D(G) − A(G), where D(G) = diag(d(v1), d(v2), . . . , d(vn)) is the diagonal matrix of vertex degrees of
G. The eigenvalues of Laplacian matrix are denoted by μ1(G)  μ2(G)  · · ·  μn−1(G)  μn(G).
Thematrix L+(G) = D(G)+A(G) is called the signless Laplacianmatrix ofG , its eigenvalues are denoted
by q1(G)  q2(G)  · · ·  qn−1(G)  qn(G). There are many results on the spectra of A(G), L(G) and
L+(G), for details see [3–6,17,23] respectively.
The line graphL (G) of the graph G is the graph whose vertex set is in one-to-one correspondence
with the set of edges of G, where two vertices of L (G) are adjacent if and only if the corresponding
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edges in G have a vertex in common. A generalized line graphL (G; a1, a2, . . . , an) is defined for graph
Gwith vertex set {v1, v2, . . . , vn} and non-negative integers a1, a2, . . . , an by taking the graphsL (G)
and CP(ai)(i = 1, 2, . . . , n) and adding extra edges: a vertex e in L (G) is joined to all vertices in
CP(ai) if i is an end-vertex of e as an edge of G, where CP(ai) is a graph called cocktail party graph[4].
The energy of a graph G is defined as E(G) = ∑nj=1 |λj(G)|. This graph-spectral invariant was intro-
duced in the mathematical literature in 1970s [10]. Similar to Laplacian matrix and signless Laplacian
matrix of a graph G, we can define the Laplacian energy and the signless Laplacian energy of G. The
Laplacian energy of G is defined by LE = LE(G) = ∑ni=1 |μi(G) − 2mn |. In analogy to LE wemay define
the signless Laplacian energy by LE+ = LE+(G) = ∑ni=1 |qi(G) − 2mn |.
The study of graph energy has attracted much attention. Many results on graph energy have ap-
peared in the mathematical literature, see surveys [9,11], and the recent papers [7,13,16,19,21]. The
relations between energy, Laplacian energy and signless Laplacian energy of a graph G can be found
in [2,8,12,22,24]. Line graph plays an important role in the study of graph theory. The energy, Lapla-
cian energy, and signless Laplacian energy of line graphs were studied in [13,1,14,20]. Gutman et al.
established relations between energy of the line graph of a graph G and energies associated with the
Laplacian and signless Laplacianmatrices of G in [13]. Generalized line graphs extend the ideas of both
line graphs and cocktail party graphs. In this paper, our aim is to study the energy of the generalized
line graphs. We extend the results and techniques from [13], and most of the results we obtained are
formally similar to those in [13].
Theconceptofmatrix energy, put forwardbyNikiforov [18], represents a far-reachinggeneralization
of graph energy. Let C be a real matrix of dimension s× t, with singular values s1(C), s2(C), . . . , sl(C).
Its energy is, by definition, equal to s1(C) + s2(C) + · · · + sl(C), where l = min{s, t}. Consequently,
if C is real and square of order n × n, with eigenvalues λ1(C), λ2(C), . . . , λn(C), then its energy is
E(C) = ∑nj=1 |λj(C)|.
In particular,
E(G) = E(A(G)),
LE(G) = E
(
L(G) − 2m
n
In
)
,
and
LE+(G) = E
(
L+(G) − 2m
n
In
)
,
where In stands for the identity matrix of order n.
In this paper, we first give some lemmas and preliminary results, and then we establish relations
between the energy of the generalized line graph of a graph G and the Laplacian and signless Laplacian
energies of G. We then give upper and lower bounds for the energy of generalized line graphs. Finally,
we present upper and lower bounds for some special graphs.
2. Some lemmas and results
In this section, we present some known lemmas and results thatwill be used in the following study.
Lemma 2.1 [13]. Let a1, a2, . . . , an and b1, b2, . . . , bn be two sequences of real numbers. Then
n∑
i=1
|ai + bi| 
n∑
i=1
|ai| +
n∑
i=1
|bi|,
the equality holds if and only if aibi  0, 1  i  n.
Lemma 2.2 [15]. If A and B are arbitrary matrices of orders t × s and s × t, respectively, then AB and BA
have the same nonzero eigenvalues.
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Let F be a real matrix of order n, and let si(F), i = 1, 2, . . . , n. be the singular values of matrix F .
The following lemma seems important in graph energy.
Lemma 2.3 [21]. Let X, Y, Z be matrices of order n × n and Z = X + Y, then
n∑
i=1
si(X) +
n∑
i=1
si(Y) 
n∑
i=1
si(Z),
the equality holds if and only if there exists an orthogonal matrix U such that UX and UY are positive
semi-definite.
Lemma 2.4 [7,13]. For the symmetric matrix M =
⎛
⎝ B K
KT C
⎞
⎠, where B, C are square matrices, then
E(M)  E(B) + E(C),
with equality holds if and only if K = 0, where 0 is a matrix with all its entries are 0.
Lemma 2.5 [5]. Let R(G) be the incidence matrix of a graph G with n vertices and m edges. Then
R(G)R(G)T = A(G) + D(G) = L+(G),
R(G)TR(G) = A(L (G)) + 2Im = B(G) + 2Im,
where matrix B(G) is the adjacency matrix of line graphL (G).
Lemma 2.6 [5]. The spectra of L(G) and L+(G) coincide if and only if the graph G is bipartite.
Lemma 2.7 [25]. Let G be an (n,m)-graph, and let d(vi) denote the degree of vertex vi. If there exist
non-negative integers a1, a2, . . . , an such that d(vi) + 2ai = d, for i = 1, 2, . . . , n. Then
P(L (G; a1, a2, . . . , an); x) = x
∑n
i=1 ai(x + 2)m−n+∑ni=1 ai P(G, x − d + 2).
3. Bounds for the energy of generalized line graphs
In this section, we present upper and lower bounds for the energy of generalized line graphs.
Theorem 3.1. Let G be a graph with n  1 vertices andm  1 edges, and a1, a2, . . . , an be non-negative
integers, q1 = m + 2∑ni=1 ai, q2 = n +∑ni=1 ai.
(1) If m  n, q1  q2, then
LE+(G) − 4m < E(L (G; a1, a2, . . . , an)) < LE+(G) + 4m + 4
n∑
i=1
ai − 4n. (1)
(2) If m < n, q1  q2, then
LE+(G) − 4m < E(L (G; a1, a2, . . . , an))  LE+(G) + 4m + 4
n∑
i=1
ai − 4n. (2)
(3) If m < n, q1 < q2, then
LE+(G) − 4m < E(L (G; a1, a2, . . . , an)) < LE+(G) + 4
n∑
i=1
ai. (3)
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In order to prove Theorem 3.1, we must find the relation between the signless Laplacian matrix of
G and the adjacency matrix of generalized line graphL (G; a1, a2, . . . , an). Firstly, let
S =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
R(G) L1 L2 · · · Ln
0 M1 0 · · · 0
0 0 M2 · · · 0
...
...
...
. . .
...
0 0 0 · · · Mn
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
q2×q1
,
where q1 = m+ 2∑ni=1 ai, q2 = n+∑ni=1 ai, R(G) is the incidence matrix of G,Mi = (Iai ,−Iai), Li is
a matrix of order n × 2ai, whose all the ith row entries are 1, and the others are 0. Now we calculate
STS and SST .
SST =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
R(G)RT (G) +∑ni=1 LiLTi L1MT1 L2MT2 · · · LnMTn
M1L
T
1 M1M
T
1 0 · · · 0
M2L
T
2 0 M2M
T
2 · · · 0
...
...
...
. . .
...
MnL
T
n 0 0 · · · MnMTn
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
q2×q2
,
where R(G)RT (G) = A(G) + D(G), MiMTi = 2Iai , MiLTi = LiMTi = 0,
n∑
i=1
LiL
T
i =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2a1 0 0 · · · 0
0 2a2 0 · · · 0
0 0 2a3 · · · 0
...
...
...
. . .
...
0 0 0 · · · 2an
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= P.
By carefully calculation we obtain that
SST =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
A(G) + D(G) + P 0 · · · 0
0 2Ia1 · · · 0
...
...
. . .
...
0 0 · · · 2Ian
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
q2×q2
.
Similarly, we obtain STS.
STS =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
RT (G)R(G) RT (G)L1 R
T (G)L2 · · · RT (G)Ln
LT1R(G) L
T
1L1 + MT1M1 LT1L2 · · · LT1Ln
LT2R(G) L
T
2L1 L
T
2L2 + MT2M2 · · · LT2Ln
...
...
...
. . .
...
LTnR(G) L
T
nL1 L
T
nL2 · · · LTnLn + MTnMn
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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where RT (G)R(G) = B(G) + 2Im, LTi Lj = 0(i  j), LTi Li = J2ai ,where J2ai is a matrix whose entries are
all 1.MTi Mi =
⎛
⎝ Iai −Iai
−Iai Iai
⎞
⎠
2ai×2ai
. Thus LTi Li +MTi Mi = Bi + 2I2ai ,where Bi is the adjacency matrix
of CP(ai) for each i, i = 1, 2, . . . , n, and the entry ri,j of the matrix RTLi is 1 if and only if the vertex ei
ofL (G) are joined with all the vertices of CP(aj), otherwise are 0. Hence
STS =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
RT (G)R(G) RT (G)L1 R
T (G)L2 · · · RT (G)Ln
LT1R(G) B1 + 2I2a1 0 · · · 0
LT2R(G) 0 B2 + 2I2a2 · · · 0
...
...
...
. . .
...
LTnR(G) 0 0 · · · Bn + 2I2an
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
q1×q1
= B¯ + 2Iq1 ,
where B¯ is the adjacency matrix of L (G; a1, a2, . . . , an).
Let
Q =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
B1 + 2I2a1 0 · · · 0
0 B2 + 2I2a2 · · · 0
...
...
. . .
...
0 0 · · · Bn + 2I2an
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
By carefully calculation, the eigenvalues ofQ are 2a1, 2a2, . . . , 2an, 0, 2, with the correspondingmul-
tiplicities 1, 1, . . . , 1,
∑n
i=1 ai,
∑n
i=1 ai. Then the energy of matrix Q is E(Q) =
∑2∑nj=1 aj
i=1 |λi(Q)| =
4
∑n
i=1 ai.
Next, we begin to prove the Theorem 3.1.
Proof. Case 1. If m  n  1, we first prove the left-side inequality of (1). By Lemma 2.2, we
have λi(R(G)R
T (G)) = λi(RT (G)R(G)) for i = 1, 2, . . . , n and λi(RT (G)R(G)) = 0 for i = n + 1,
n + 2, . . . ,m. By Lemmas 2.1 and 2.4, we obtain the following relation
LE+(G) = ∑ni=1 |λi(R(G)RT (G)) − 2mn |
= ∑mi=1 |λi(RT (G)R(G)) − 2mn | − |0 − 2mn |(m − n)
 ∑mi=1 |λi(RT (G)R(G))| + | − 2mn |m − 2mn (m − n) (by Lemma 2.1)
= ∑mi=1 |λi(RT (G)R(G))| + 2m
 ∑q1i=1 |λi(STS)| −∑2
∑n
j=1 aj
i=1 |λi(Q)| + 2m (by Lemma 2.4)
= ∑q1i=1 |λi(B¯ + 2Iq1)| − 4∑ni=1 ai + 2m
= E(L (G; a1, a2, . . . , an)) + 2q1 − 4∑ni=1 ai + 2m
= E(L (G; a1, a2, . . . , an)) + 4m.
By Lemmas 2.1 and 2.4, the equality of LE+(G)  E(L (G; a1, a2, . . . , an)) + 4m holds if and only if
λi(R
T (G)R(G))
(
−2m
n
)
 0, i = 1, 2, . . . ,m (4)
and
(LT1R(G), L
T
2R(G), . . . , L
T
nR(G)) = (02a1×m, 02a2×m, . . . , 02an×m),
(RT (G)L1, R
T (G)L2, . . . , R
T (G)Ln) = (0m×2a1 , 0m×2a2 , . . . , 0m×2an).
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From inequality (4), we obtain that λi(R
T (G)R(G))  0 for any i. Hence∑mi=1 λi(RT (G)R(G))  0, but
trace(RT (G)R(G)) = trace(A(L (G)) + 2Im) = 2m  0.
This is a contradiction. Therefore, ifm  n  1,we have LE+(G) − 4m < E(L (G; a1, a2, . . . , an)).
Now we prove the right-side inequality of (1). When m  n  1, we have only the case q1  q2,
then
E(L (G; a1, a2, . . . , an)) = E(STS − 2Iq1) =
∑q1
i=1 |λi(STS) − 2|
= ∑q2i=1 |λi(SST ) − 2| + |0 − 2||q1 − q2|
= ∑q2i=1 |λi(SST − 2I)| + |0 − 2||q1 − q2|
= ∑ni=1 |λi(A(G) + D(G) + P − 2I)| + 0 · (∑ni=1 ai − n)
+ 2(q1 − q2)
 ∑ni=1 |λi(L+(G))| +∑ni=1 |λi(P − 2I)| + 2(q1 − q2)
(by Lemma 2.3)
 ∑ni=1 |λi(L+(G)) − 2mn | + ( 2mn )n
+2∑ni=1(ai − 1) + 2(q1 − q2) (by Lemma 2.1)
= LE+(G) + 4m + 4∑ni=1 ai − 4n.
Suppose that there exists a graph G such that the equality on the right-side of (1) holds. From Lemmas
2.1 and 2.3 we have the right equality holds if and only if
λi
(
L+(G) − 2m
n
In
)(
2m
n
)
 0, i = 1, 2, . . . , n (5)
and there exists an orthogonal matrix N such that N(A(G) + D(G)) and N(P − 2I) are positive semi-
definite. The inequalities (5) imply that
λi(L
+(G))  2m
n
, i = 1, 2, . . . , n. (6)
Recall that for all i corresponding to nonzero eigenvalues, equality λi(L
+(G)) = λi(R(G)RT (G)) =
λi(R
T (G)R(G)) = λi(2Im + A(L (G))) holds. Hence we have λi(A(L (G))) > 0, i = 1, 2, . . . , n, and
λi(A(L (G))) = −2, i = n + 1, n + 2, . . . ,m. Since
trace(A(L (G))) = 0 ⇔ −2(m − n) +
n∑
i=1
λi(A(L (G))) = 0
from which follows E(L (G)) = 4(m − n) < LE+(G) + 4(m − n). For ai = 0, i = 1, 2, . . . , n, then
L (G; a1, a2, . . . , an) is just the graph L (G). Therefore E(L (G; a1, a2, . . . , an)) < LE+(G) + 4m +
4
∑n
i=1 ai − 4n. Hence, whenm  n  1, we have
LE+ − 4m < E(L (G; a1, a2, . . . , an)) < LE+(G) + 4m + 4
n∑
i=1
ai − 4n.
Case 2. Suppose that m < n, q1  q2, we first prove the left-side inequality of (2), by Lemma 2.2,
λi(R(G)R
T (G)) = λi(RT (G)R(G)) for i = 1, 2, . . . ,m, and λi(R(G)RT (G)) = 0 for i = m + 1,
m + 2, . . . , n. Therefore by Lemmas 2.1 and 2.4, we have
LE+(G) = ∑ni=1 |λi(R(G)RT (G)) − 2mn |
= ∑mi=1 |λi(RT (G)R(G)) − 2mn | + |0 − 2mn ||m − n|
 ∑mi=1 |λi(RT (G)R(G))| + | − 2mn |m + ( 2mn )(n − m) (by Lemma 2.1)
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= ∑mi=1 |λi(RT (G)R(G))| + 2m
 ∑q1i=1 |λi(STS)| −∑2
∑n
j=1(aj)
i=1 |λi(Q)| + 2m (by Lemma 2.4)
= ∑q1i=1 |λi(B¯ + 2Iq1)| − 4∑ni=1(ai) + 2m
= E(L (G; a1, a2, . . . , an)) + 2q1 − 4∑ni=1(ai) + 2m
= E(L (G; a1, a2, . . . , an)) + 4m.
By using a similar method to that used in Case 1, then LE+(G) − 4m < E(L (G; a1, a2, . . . , an)).
Nowwe prove the right-side inequality of (2). Ifm < n, q1  q2, by using a similar method to that
used in Case 1, we get E(L (G; a1, a2, . . . , an))  LE+(G) + 4m+ 4∑ni=1 ai − 4n.We can prove that
the right-side equality can holds. From (6), we get λi(L
+(G)) = λi(R(G)RT (G)) = λi(RT (G)R(G)) =
λi(2Im + A(L (G)))  2mn . Ifm < nwe have 2mn < 2. So the equality can holds. Hence ifm < n, q1 
q2, we have inequality
LE+(G) − 4m < E(L (G; a1, a2, . . . , an))  LE+(G) + 4m + 4
n∑
i=1
ai − 4n.
Case 3. Ifm < n, q1 < q2, the left-side inequality of (3) is true by using a similar method to that used
in Case 2. Next we prove the right-side inequality of (3).
E(L (G; a1, a2, . . . , an)) = E(STS − 2Iq1) =
∑q1
i=1 |λi(STS) − 2|
= ∑q2i=1 |λi(SST ) − 2| − |0 − 2||q1 − q2|
= ∑q2i=1 |λi(SST − 2Iq2)| − |0 − 2||(q1 − q2)|
= ∑ni=1 |λi(A(G) + D(G) + P − 2In)| + 0 · (∑ni=1 ai − n)
+ 2(q1 − q2)
 ∑ni=1 |λi(L+(G) − 2I)| +∑ni=1 |λi(P)| + 2(q1 − q2)
(by Lemma 2.3)
= ∑ni=1 |λi(L+(G) − 2mn I)| +
∑n
i=1 |λi( 2mn I − 2I)| +
∑n
i=1 |λi(P)|
+ 2(q1 − q2)
 ∑ni=1 |λi(L+(G)) − 2mn | +
∑n
i=1 | 2mn − 2|
+2∑ni=1 ai + 2(q1 − q2) (by Lemma 2.1)
= LE+(G) + 4∑ni=1 ai.
By Lemmas 2.1 and 2.3 we have that equality on the right-side of (3) holds if and only if
λi
(
L+(G) − 2m
n
In
)(
2m
n
− 2
)
 0, i = 1, 2, . . . , n (7)
and there exists an orthogonal matrix N such that N(A(G) + D(G) − 2In) and NP are positive semi-
definite. We have 2m
n
− 2 < 0. Hence (7) implies that
λi(L
+(G)) = λi(R(G)RT (G)) 
(
2m
n
)
< 2, i = 1, 2, . . . , n. (8)
Recall that for all i corresponding to the nonzero eigenvalues, the equality λi(L
+(G)) = λi(2Im +
A(L (G))) holds. Now we consider the largest eigenvalue of A(L (G)), the inequality (8) implies that
G does not exist. so E(L (G; a1, a2, . . . , an)) < LE+(G)+ 4∑ni=1 ai.Hence whenm < n, q1 < q2, we
have LE+(G)−4m < E(L (G; a1, a2, . . . , an)) < LE+(G)+4∑ni=1 ai. Thus, Theorem3.1 is proved. 
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4. Results for some special graphs
In this section, we present upper and lower bounds for generalized line graphs of some special
graphs.
4.1. Bipartite graphs
Let G be a bipartite graph. From Lemma 2.6 and Theorem 6 in [21], we obtain LE+(G) = LE(G) and
E(G)  LE(G). Hence we have the following corollary.
Corollary 4.1. Let G be a bipartite (n,m)-graph, a1, a2, . . . , an be non-negative integers, q1 = m +
2
∑n
i=1 ai, q2 = n +
∑n
i=1 ai. Then
(1) If m  n, q1  q2, then
E(G) − 4m  LE(G) − 4m < E(L (G; a1, a2, . . . , an)) < LE(G) + 4m + 4∑ni=1 ai − 4n.
(2) If m < n, q1  q2, then
E(G) − 4m  LE(G) − 4m < E(L (G; a1, a2, . . . , an))  LE(G) + 4m + 4∑ni=1 ai − 4n.
(3)If m < n, q1 < q2, then
E(G) − 4m  LE(G) − 4m < E(L (G; a1, a2, . . . , an)) < LE(G) + 4∑ni=1 ai.
4.2. Regular graphs
Let G be a r-regular graph with n vertices and m edges. Let r + 2ai = d, i = 1, 2, . . . , n, then
L (G; a1, a2, . . . , an) is a regular graph. By Lemma 2.7, we can get the following corollary.
Corollary 4.2. Let G be a r-regular graph, with n vertices and m = nr
2
edges, and d is a positive integer,
and r + 2ai = d, i = 1, 2, . . . , n. Then
E(G)  E(L (G; a1, a2, . . . , an))  E(G) + 2n(d − 2). (9)
Equalities on two sides of (9) hold if and only if G is empty.
Proof. First, we prove the left-side inequality of (9). Since r + 2ai = d, then ai = d−r2 . From Lemma
2.7, we know ai = d−r2 and the eigenvalues of L (G; a1, a2, . . . , an) are 0,−2, λi(G) + d − 2, i =
1, 2, . . . , n, with the corresponding multiplicities
∑n
i=1 ai,m − n +
∑n
i=1 ai, 1, 1, . . . , 1. Hence
E(L (G; a1, a2, . . . , an)) = 0 ·∑ni=1 ai + | − 2|(m − n +∑ni=1 ai)| +∑ni=1 |λi(G) + d − 2|
 n(d − 2) +∑ni=1 |λi(G)| + n|d − 2|
= E(G) + 2n(d − 2).
Next we prove the right-side inequality of (9).
E(L (G; a1, a2, . . . , an)) = 0 ·∑ni=1 ai + | − 2|(m − n +∑ni=1 ai)| +∑ni=1 |λi(G) + d − 2|
 n(d − 2) +∑ni=1 |λi(G)| − n|d − 2|
= E(G).
The left-side equality of (9) holds if and only if λi(G)  0, i = 1, 2, . . . , n, the right-side equality
holds if and only if λi(G)  0, i = 1, 2, . . . , n. Hence the two sides equality holds if and only if
λi(G) = 0, i = 1, 2, . . . , n. Then G is an empty graph. Hence the corollary is proved. 
4.3. Nordhaus–Gaddum type results for the energy of generalized line graphs
For a graph G, let G be its complement graph. If G is an (n,m)-graph with n  5, then G is an
(n, m¯)-graph with m¯ = n(n−1)
2
− m. Let L (G; b1, b2, . . . , bn) be the generalized line graph of G,
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where b1, b2, . . . , bn are non-negative integers. Let q¯1 = m¯ + 2∑ni=1 bi, q¯2 = n +∑ni=1 bi. Then we
have
Corollary 4.3. If G is an (n,m)-graph with n  5, G is an (n, m¯)-graph with m¯ = n(n−1)
2
− m.
Let ai, bi, i = 1, . . . , n be non-negative integers, q1 = m + 2∑ni=1 ai, q2 = n + ∑ni=1 ai, q¯1 =
m¯ + 2∑ni=1 bi, q¯2 = n +∑ni=1 bi. Then
(1) If m < n, q1  q2, then
LE+(G) + LE+(G) − 2n(n − 1) < E(L (G; a1, a2, . . . , an)) + E(L (G;
b1, b2, . . . , bn))  LE+(G) + LE+(G) + 4
n∑
i=1
ai + 4
n∑
i=1
bi + 2n(n − 5). (10)
(2) If m < n, q1 < q2, then
LE+(G) + LE+(G) − 2n(n − 1) < E(L (G; a1, a2, . . . , an)) + E(L (G; b1,
b2, . . . , bn)) < LE
+(G) + LE+(G) + 4
n∑
i=1
ai + 4
n∑
i=1
bi + 2n(n − 3) − 4m. (11)
(3) If n  m  n(n−3)
2
, then
LE+(G) + LE+(G) − 2n(n − 1) < E(L (G; a1, a2, . . . , an)) + E(L (G;
b1, b2, . . . , bn)) < LE
+(G) + LE+(G) + 4
n∑
i=1
ai + 4
n∑
i=1
bi + 2n(n − 5). (12)
(4) If m > n(n−3)
2
, q¯1  q¯2, then we have inequality (10) holds.
(5) If m > n(n−3)
2
, q¯1 < q¯2, then
LE+(G) + LE+(G) − 2n(n − 1) < E(L (G; a1, a2, . . . , an)) + E(L (G;
b1, b2, . . . , bn))  LE+(G) + LE+(G) + 4
n∑
i=1
ai + 4
n∑
i=1
bi + 4m − 4n. (13)
Proof. Since m¯ = n(n−1)
2
− m, we have m¯ − n = n(n−3)
2
− m. Then we distinguish to five cases: (1)
m < n, q1  q2, m¯  n; (2)m < n, q1 < q2, m¯  n; (3)m > n, m¯  n; (4)m > n, m¯ < n, q¯1  q¯2;
(5)m > n, m¯ < n, q¯1 < q¯2.Nextwe only prove (1), (2)–(5) can be similarly proved. Ifm < n, q1  q2,
then m¯  n. For graphs L (G; a1, a2, . . . , an) and L (G¯; b1, b2, . . . , bn), by using inequality (2) and
(1) of Theorem 3.1 respectively, we can get inequality (10). 
4.4. Semiregular graphs
Let ri  1, i = 1, 2. Let G(n1, n2; r1, r2) be a semiregular graph, the total number of vertices of G
is n = n1 + n2. Let n1  n2 andm  n. Then
A(G) =
⎛
⎝ 0 K
KT 0
⎞
⎠ , D(G) =
⎛
⎝ r1In1 0
0 r2In2
⎞
⎠ .
Corollary 4.4. Let G(n1, n2; r1, r2) be a semiregular graph, ri  1, i = 1, 2. n1  n2 and m  n. Then
(1) When r1 = r2 = 2, i = 1, 2, we have
max{0, E(G) − 4m} < E(L (G; a1, a2, . . . , an)) < E(G) + 4
n∑
i=1
ai.
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(2) When ri > 2, i = 1, 2, we have
max{E(G) − 4m,M} < E(L (G; a1, a2, . . . , an)) < E(G) + M, (14)
where M = n1r1 + n2r2 + 2∑ni=1 ai − 2n + 2|q1 − q2|.
Proof. (1) For r1 = r2 = 2, G is a regular and bipartite (n, n)-graph,then G is an even cycle. Hence
E(G) = LE(G) = LE+(G),
max{0, E(G) − 4m} < E(L (G; a1, a2, . . . , an)) < E(G) + 4∑ni=1 ai.
(2) When ri > 2, i = 1, 2, we havem > n, q1 > q2. Then
E(L (G; a1, a2, . . . , an)) = E(STS − 2I)
= ∑q2i=1 |λi(SST ) − 2| + |0 − 2||q1 − q2|
= E(SST − 2I) + 2|q1 − q2|
= E(A(G) + D(G) + P − 2I) + 2|q1 − q2|
 ∑n1i=1 |r1 + 2ai − 2| +∑ni=n1+1 |r2 + 2ai − 2| + 2|q1 − q2|
(by Lemma 2.4)
= n1r1 + n2r2 + 2∑ni=1 ai − 2n + 2|q1 − q2| = M.
By Lemma 2.4, equality holds if and only if K = 0, then we get A(G) = 0, this is a contradiction
to ri > 2. Hence the left-side inequality of (14) is strict. From Corollary 4.1, we have E(G) − 4m <
E(L (G; a1, a2, . . . , an)). Hence, max{E(G) − 4m,M} < E(L (G; a1, a2, . . . , an)), the left-side in-
equality of (14) is proved.
By Lemma 2.3, we can obtain the right-side inequality of (14).
E(L (G; a1, a2, . . . , an)) = E(STS − 2I)
= ∑q2i=1 |λi(SST ) − 2| + |0 − 2||q1 − q2|
= E(SST − 2I) + 2|q1 − q2|
= E(A(G) + D(G) + P − 2I) + 2|q1 − q2|
 E(G) + E(D(G) + P − 2I) + 2|q1 − q2| (by Lemma 2.3)
= E(G) +∑n1i=1 |r1 + 2ai − 2| +∑ni=n1+1 |r2 + 2ai − 2|
+ 2|q1 − q2|
= E(G) + M.
Suppose there exists a graph G, such that the right-side equality of (14) holds. By the Ky Fan Theorem
[21], there exists an orthogonal matrix U such that UA(G) = |A(G)|, and U(D(G)+ P − 2I) = |D(G)+
P + 2I|. Let U =
⎛
⎝ U1 U2
U3 U4
⎞
⎠ , where U1 and U4 are n1 × n1 and n2 × n2 matrices, respectively. The
second equation imply thatU1 = In1 ,U2 = 0,U3 = 0 andU4 = In2 .But byUA(G) = |A(G)|,A(G) = 0
which is a contradiction. Hence the right-side inequality of (14) is strict. So when ri > 2, we get
max{E(G) − 4m,M} < E(L (G; a1, a2, . . . , an)) < E(G) + M,
whereM = n1r1 + n2r2 + 2∑ni=1 ai − 2n + 2|q1 − q2|. Thus the corollary is proved. 
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